Many tasks that humans perform effortlessly are currently impossible for a robot. Most involve the control of slipping and twisting of an object within a grasp; thus an analysis was performed of controlled slipping of an object within a robot hand. First, the possible ways an object can move within a grasp were enumerated. Second, the set of permissible motions was found as a function of the constraint state, that is the number, location, and types of contact on an object. Finally, the constraint state was found as a function of a number of controllable variables, such as grasping force and externally applied forces.
Introduction
When we manipulate objects, our fingers are not always fixed to the surface. Many times we allow the objects we hold to slide or rotate at our fingertips, consciously controlling the motion of the object rather than the motion of our fingers. This controlled slipping technique of manipulation is not just one of the ways we can move objects, but rather a dominant form of dexterous human manipulation. Through this controlled slipping technique we can control the location and orientation of an object within our grasp.
In rcsbotic manipulation, emphasis has been placed on producing stable grasps. The object is then moved by controlling the motion of the manipulator, assuming the object is rigidly fixed to the robot, [l] . If the object slips in the grasp, however, control is lost, and there are no easy forms of recovery. Controlling an object relative to the grasp has been approached by [2] , in terms of regrasping. The object is initially grasped, set down, released, and regrasped in another orientation. The object, however, is not manipulated within the grasp and this does not address the issue of slipping. Controlled slip manipulation, however, could enhance the dexterity of a manipulator, by giving the robot a larger repertoire of manipulation strategies. The analyses in this paper are more extensively described in [3].
Constraint
In order to control the motion of an object within the hand, we must first determine the possible ways an object can move within a grasp. First, we will enumerate the different types of contacts which may exist between two objects, as well as the possible forces which may be transmitted through the interface. Second, we will determine the infinitesimal motions possible for an object subject to a single contact. Third, the infintesimal motions will be extended to include small finite motions. Finally, all possible motions of an object within a grasp can be found by intersecting permissible motions allowed by each contact.
Contact types
The interface between a robot and an object can be characterized by a particular type of contact. If we only consider fingertip contacts, the nine different contact types outlined in [4] can be reduced to four: a soft finger contact, a point contact with friction, a point contact without friction, and no contact. A particular set of wrenches may be exerted through the interface for each contact type. To describe the wrench system, a positive linear combination of unidirectional unit basis wrenches are used. The set of basis wrenches which span the wrench system for particular contact type are listed below 
Contact Type
Basis wrenches Soft finger contact W1 t W2t -W1$ -w2, -w3, -W6 Point contact with friction w 1~ w29 -w1, -w27 -w3 Point contart without friction -w2 No contact where w. is a six element vector with a 1 in the j t h position and J zeros everywhere else.
Infinitesimal motioq
Given a wrench w and a twist t, the virtual work is
If the value of the virtual work is zero, the wrench and the twist are called reciprocal; if the value is greater than zero, they are repelling; and the value is less than zero, they are contrary, [7] . Now, if the virtual work done by a twist against every unit basis wrench associated with a particular contact type is either repelling or reciprocal, the twist is Permissible. Thus, the set of permissible twists for a single contact is
where w -J is a basis wrench associated with a particular contact type.
Finite motions
In general, twists in the set T,,, will describe small finite as well as infinitesimal motions with one exception. If an object is subject to a point contact without friction, and moves 80 the contact point initially travels tangent to the surface, it can still penetrate the suiface after a small finite motion. Suppcee an object undergoes a hypothetical finite motion described by a unit twist t and a magnitude m. The trajectory of the contact point relative to the surface is
where xi is the contact point,
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where cl, = (1 -cos(rn)), cm = cos(m), and sm = sin(m),
Tr. = where 1, m, and n are the unit vectors in the directlon ot the axes of the contact frame. The contact frame is a coordinate system with origin fixed at the contact point and z axis normal to the surface. For a given twist, the trajectory of the contact point is a function of only one variable, magnitude m. For a motion to be possible, the contact trajectory must not penetrate the surface, that is, 21 2 fs(zt,yr),
CH2555-1/88/oooO/0249$01.00 0 1988 IEEE where f,(z,y) describes the surface of the object. Thus the set of all possible finite motions is described by Intersecting this set with the infinitesimal motions yields the set of all motions an object may undergo when subjected to a single contact
Constraint state
If there are m contacts between the manipulator and the object as well as n different types of contacts, there will be nm possible combinations of contacts. Each combination of contacts yield a unique state of constraint on an object, designated as a consfrainf slate. A constraint state can be denoted by an ordered list consisting of m el+ ments, which contain the numbers 1 through 4 representing a soft finger contact, point contact with friction, point contact without friction, and no contact, respectively.
Permissible Motion
By evaluating the permissible motions for every contact and by taking their intersection using equation 9, the set of all possible motions for an object within a grasp can be found. 
Y. External wrench
An object may be influenced by a number of other forces in addition to those imposed by the fingers of a robot. Gravity, acceleration, electro-magnetic forces, other objects, or free fingers can all exert forces on the object. Although these forces differ in origin, they can all be collected into a single edema1 wrench acting on the object. In general, the object will undergo a twist repelling to this external wrench. If we designate the set of twists repelling to the external wrench as preferred twists, the motion of an object within a grasp will lie within the intersection of the preferred and permissible twists. If the intersection is the empty set, the object is fully constrained and will not move. In many caaea the set contains either a single twist or a small subset of twists. This is especially important in controlled slip manipulation, since the geometric constraints and the external wrench together specify a unique motion of an object within the grasp. If the intersection of the preferred and permissible twist is a large subspace of twists, the resulting motion cannot be determined from the geometric analysis alone. Dynamics, external forces, internal grasping forces, and local surface friction properties must all be taken into account to determine the exact obiect motion.
When plannmg slipping motions, the external wrench should be selected so it forces the object through the desired trajectory. That is, given a desired motion, the optimal external wrench is one in which the virtual work of the external wrench against the desired twist is a
Grasping Force

maximum.
There are a number of different ways a hand can squeeze an object.
The goal of this section is to determine the possible grasping forces on an object and to develop a simple intuitive parameterization of the squeezing force for three fingered grasps.
If an object is not subject to external loads and is in equilibrium, the summation of the contact forces will be zero. For three fingered hands, such as bhe Salisbury robot, three fingertip contacts are possible. In this case, there are nine unknowns and only six independent linear equations, yielding three indeterminant variables.
This three space of possible solutions can be represented fairly simply as a grasp force focus xg = [zg, y,] and a grasp force magnitude mg: The grasp force focus is a point through which the axes of the individual force vectors intersect. The grasp force focus can lie anywhere on the grasp plane, including points at infinity. The grasp plane is the plane containing the three contact points. In general this plane will exist, except for a degenerate case where the points lie on a single line. In this case, the grasp force focus will lie on that line. The grasp force magnitude is the sum of the magnitudes of the individual contact forces. The grasp force focus and magnitude determine the contact forces up to a sign. By directing the contact forces into the surface of the object for at least two of the three contacts, the sign ambiguity is resolved. Thus once the grasp force focus and grasp force magnitude are specified, the wrenches at each contact point resulting from the internal grasping force can be uniquely determined. ti TiK-'we.
(15)
The displacement of the object is and with respect to the contact frame, the displacement is Therefore the contact wrench is where wg. is the internal force component specified using the technique outlined in the previous section. A more detailed analysis of the origin of the stiffness matrix as a function of manipulator geometry, contact compliance, and object stiffness can be found in [8] .
Contact wrench/contact type relation
The relation between the contact type and the contact wrench is difficult to characterize. In this section, a simple relation is proposed to allow the overall problem to remain tractable. First we consider a pure moment applied to the surface about the normal. Using the Hertz contact model for the pressure distribution in the contact area, the maximum moment was determined by integrating the stress over the area times the coefficient of friction. Using this method the maximum moment was found to be
The expression in brackets is a function of the material and geometeric properties of the fingertip and is therefore asssumed constant. The equation can be simplified to M = pmF4I3.
For simplicity, equation 18 is linearized and together with the coulomb friction assumption for pure forces, the results were superimposed t o yield the following simple relationship between the contact wrench and the contact type
where 1 through 4 represent a soft finger contact, point contact with friciton, point contact without friction, and no contact, respectively.
Controlled Slipping
So far only individual modeling issues have been discussed, but we have not yet addressed how these results can be combined and how they can be used to enhance the dexterity of a robot hand. Using the results of the previous sections, we can determine the constraint state of the object as a function of the controllable variables, the grasping force and the external wrench. Then for each constraint state, we can determine the set of slipping motions the object can undergo relative to the grasp.
As an example, consider the Salisbury robot hand grasping a cylinder shown in figure 2. In this case the hand is stationary so the external forces on the cylinder are constant. If we vary the grasp force focus and grasp force magnitude, we can change the constraint state. Figure 1 shows a Constraint state map outlining different regions of constraint as a function of the grasp force focus. The map was automatically generated using the functions and analyses of the previous sections. Shaded areas illustrate fully constrained regions in which the cylinder will not move. Suppose however, we want the cylinder t o rotate relative to the grasp. A rotational freedom is allowed in the constraint regions [3,2,2], therefore, by moving the grasp force focus from its current location in the fully constrained region [2,2,2] into the adjacent region the cylinder will be free to rotate. In this case the intersection of the preferred and permissible twists yield a single motion and the cylinder rotates between the fingers, as shown in figure 2.
Conclusion
Our goal has been to gain a basic understanding of a highly dexterous form of manipulation that we take for granted, namely controlled slip manipulation. In the analysis, we first determined all the possible ways an object could move within a grasp. Second, we found that the set of possible motions was a function of the constraint state, that is the number, location, and types of contacts on the surface of the object. Third, the constraint state was in turn found as a function of a number of controllable variables, such as the grasping force and the externally applied forces. Finally, using these analyses we can predict and actuate slipping motions of an object within a robot hand. figure 2 . The triplets of numbers represent the contact types for the fingertip contacts one, two, and three respectively, where 1 denotes a soft finger contact, 2 a point contact with friction, 3 a point contact without friction, and 4 no contact. These triplets of numbers, designated constmint sfafes are plotted as a function of the grasp force focus, the x and y location of the point through which the contact forces must pass. By moving the grasp force focus from the fully constrained region [2,2,2] t o the neighboring [3,2,2] region which allows a single rotational freedom, the cylinder rotates in the grasp. The robot hand grasps a cylinder. By automatically generating the constraint state map, different regions of constraint can be delineated and the cooresponding permissible motions can be calculated. Using this map the internal grasping forces on the cylinder can be varied so that the object will undergo a desired motion. In this case, the grasp force focus was moved from a location in the center of the cylinder to a point between fingers 2 and 3 allowing the can to rotate. Finally, by moving the grasp force focus back t o its original position, the grasp is again secure.
